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Abstract
Active vibration control is needed for future space telescopes, space laser communication and other precision sensitive payloads
which require ultra-quiet environments. A Stewart platform based hybrid isolator with 6 hybrid struts is the effective system for ac-
tive/passive vibration isolation over 5-250 Hz band. Using an identification transfer matrix of the Stewart platform, the coupling analysis 
of six channels is provided. A dynamics model is derived, and the rigid mode is removed to keep the signal of pointing control. Multi 
objective robust H and P synthesis strategies, based on singular values and structured singular values respectively, are presented, which 
simultaneously satisfy the low frequency pointing and high frequency disturbance rejection requirements and take account of the model 
uncertainty, parametric uncertainty and sensor noise. Then, by performing robust stability test, it is shown that the two controllers are 
robust to the uncertainties, the robust stability margin of H controller is less than that of P controller, but the order of P controller is 
higher than that of H controller, so the balanced controller reduction is provided. Additionally, the P controller is compared with a PI 
controller. The time domain simulation of the P controller indicates that the two robust control strategies are effective for keeping the 
pointing command and isolating the harmonic and stochastic disturbances. 
Keywords: vibration isolation; active struts; Stewart platform; H synthesis; P synthesis; rigid mode; model reduction 
1 Introduction*
There are increasing needs of precision point-
ing and extreme stability for current and future 
spacecrafts. The James Webb space telescope, ter-
restrial planet finder, space-based laser, space-based 
interferometer and deep-space laser communication 
are such examples where the micro-radian pointing 
and nanometer level of motion stability are re-
quired[1-6]. On the other hand, the space systems 
may carry many vibration sources. A satellite may 
contain multiple instruments, some of them may use 
reaction wheels, cryogenic coolers, control moment 
gyroscopes, solar array drives, stepper motors, and 
other motion devices. These devices will transmit 
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vibrations.
Passive isolation presents a reliable, low cost 
solution that is effective for attenuating high fre-
quency vibrations, but it is in general not suitable 
for low frequency vibration isolation, and especially, 
passive isolation can not provide good trade-off 
between resonant peak and high frequency attenua-
tion and the trade-off between pointing command 
keeping and disturbance rejection[6]. But the active 
vibration control can overcome these limitations. 
In order to achieve multi-DOF vibration isola-
tion and precision pointing, the Stewart platform (or 
hexapod), especially the cubic one, has become one 
of the most popular approaches[7-13], as shown in 
Fig.1. The cubic hexapod simplifies the control to-
pologies to allow the decoupled controller designs 
to be identical for each strut[9,13-14]. In order to 
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eliminate the micro dynamics (friction and back- 
lash), flexure joints are generally used[9,15-16].
Fig.1  Stewart platform with flexure joints. 
Jet Propulsion Laboratory, Air Force Research 
Laboratory (AFRL), Naval Postgraduate School, 
University of Washington, Free University of Brus-
sels, University of Wyoming, CSA Engineering Inc, 
and other organizations are very active in this  
field[2,8,10,16]. Classic control, adaptive control, linear 
quadratic Gaussian (LQG) control, neural control, 
simple robust control and other control approaches 
are comprehensively studied [3,7,10-11,15-19]. In this 
paper, fǾ  and P controllers are designed for the 
struts of Stewart platforms to suppress the overshoot 
in the neighborhood of resonance frequencies, while 
keep the pointing signal passing through the plat-
form properly. The robust stability test has demon-
strated the stability of controllers, and the effec-
tiveness of controller is demonstrated through time 
domain simulation. 
2 Coupling Analysis and Dynamics Model 
2.1 Coupling analysis of Stewart platform 
It is different from single-input single-output 
(SISO) system, the gains of a multi-input multi- 
output (MIMO) system, known as the singular val-
ues or the directional gains, depend on the direction 
of the input vector. The transfer function of Stewart 
platform is a 6×6 matrix. It behaves as a SISO sys-
tem for a weak coupling MIMO system. The condi-
tion number, defined by Eq.(1), determines the cou-
pling behavior of a MIMO system. 
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            (1) 
where ( j )ZG  is the transfer matrix, V  the largest 
singular value of the matrix and V  the smallest 
one.
Referring to Joshi and Kim[13,20], the identifica-
tion 6×6 transfer matrix of satellite ultra-quiet isola-
tion technology experiment (SUITE, a cubic PZT 
Stewart platform built by AFRL) is used to analyze 
the coupling, and the 6 singular values are plotted 
here as shown in Fig.2. 
Fig.2  Singular value curves for the transfer matrix of 
SUITE. 
Fig.2 shows the 6 singular values, which rep-
resent the 6 principal input directions. It can be seen 
that the singular value band is from 10 Hz to 500 Hz 
and quite narrow, and the corresponding condition 
numbers are approximately equal to 1, which means 
that the system will be insensitive to the direction of 
the input vector.  
Furthermore, the diagonal entries are extracted 
to form a new 6×6 system G' without coupling. 
Fig.3 shows their singular value curves. It can be 
seen that the two systems behave similarly within 
10 Hz to 500 Hz frequency range. So the effects of 
the non-diagonal entries can be regarded as the 
parasitic stiffness and damping of a single strut and 
the 6×6 MIMO system is degraded to 6 SISO sys-
tems. 
Fig.3  Singular values comparison of G and G'.
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2.2 Dynamics model 
According to the coupling analysis for the 6 
struts of the cubic Stewart platform, the hexapod is 
decoupled into 6 single-axis systems. Fig.4 shows 
the nodal model of a single strut, and the measuring 
output is the force of the strut on the side of payload. 
But the forces due to the parasitic stiffness and 
damping, which represent the coupling between 6 
struts, are not involved in the measuring output[15].
Fig.4  Sketch of the strut with PZT actuator. 
In Fig. 4, the mass of base mb=200 kg, the mass 
of strut ms=0.254 kg, the mass of payload mp=20 kg, 
the parasitic stiffness and damping kp=760 N/m, cp=
2 kg/s, the axis stiffness and damping of flexure 
joints k2=800 kN/m, c2=100 kg/s, the stiffness and 
damping of actuator k1=80 000 kN/m, c1=100 kg/s,  
u is the output of actuator, and r is the attitude con-
trol signal under disturbance. The nodal model of 
signal strut shown in Fig.4 can be expressed by  
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Introducing K and M into equation det( K
2 ) 0Z  M , and the modal frequency matrix  :
1 2 3diag( , , )Z Z Z  can be obtained as follows 
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Substituting :  into 2( )  0K M: [21], the 
modal matrix is  
0.577 4 0.001 5 0.0991
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Introducing )  into Eq.(2), a modal model is 
achieved as follows 
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where qm, Mm, Dm and Km are modal displacement, 
modal mass matrix, modal damping matrix and mo-
dal stiffness matrix respectively, and 
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It can be seen that the first mode is a rigid 
mode, and the corresponding natural frequency is 
zero (in : ). On the other hand, from the singular 
value curves for the nodal model with parametric 
(stiffness and damping) uncertainty illustrated by 
Fig.5, a rigid mode can also be identified. 
Fig.5  Singular value curves for struts. 
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The structures with rigid mode are unstable, 
but the rigid mode is the one that allows a controller 
to move the structures or track a command[21]. So 
the rigid mode is removed when design an active 
vibration isolation controller. The singular value 
response for the dynamic model without rigid mode 
is shown in Fig.6, where the parametric uncertainty 
is also involved. 
Fig.6  Singular value curves for struts without rigid mode. 
3 Robust Synthesis Controller Design 
Because of the complex dynamics environment 
and model error, the active vibration controller 
should be robust against the modeling uncertainty 
and parametric uncertainty. Robust fǾ  synthesis 
and P synthesis are presented in this work, and only 
the dynamics uncertainty is involved in the model, 
but the parametric uncertainty is also involved in the 
robust stability and performance test.      
3.1 Performance and system structure 
The performance targets are based on the high 
precision requirements of future spacecrafts. The 
low frequency pointing signals must be fully trans-
fer through the Stewart platform, but the high fre-
quency disturbance (both harmonic and broadband), 
which will disturb the precision instruments, should 
be isolated. So the two specific requirements (REQ) 
are as follows:   
REQ 1  Low frequencies pointing command 
(0-5 Hz). Keep pointing attenuation within ±0.2 dB. 
REQ 2  Disturbance (>15 Hz) and noise. Iso-
late the overshoot in the neighborhood of resonance 
frequency 25 dB, known as active damping, and 
isolate the noise of 10 dB.   
The structure of closed-loop system is shown 
in Fig.7. 
Fig.7  Closed-loop system structure of robust design. 
In Fig.7, G is the dynamics model without rigid 
mode, K is the controller to be designed, and the 
weights describe the magnitude, relative importance 
and frequency content of inputs and outputs[22]. The 
performance weighting function W1 reflects the rela-
tive significance of performance requirements over 
different frequency ranges, because the maximum 
peak of G is 23 dB, so the maximum of W1 should 
be more than 0 dB to meet the REQ 1; the control 
weighting function W2 avoids the saturation of the 
PZT actuator and suppresses the high and low 
frequency gains, because the maximum force of 
actuators is 400 N, so the W2 should be more than 
–52 dB (1/400); the noise weighting function Wn is 
fewer than 0.3 N in low frequencies (<300 Hz), but 
is 1 N in high frequencies (>1 000 Hz); Wr=10 is the 
disturbance weighting function. The weighting 
functions are selected as follows 
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The augmented plant Gaugm is given by 
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        (7) 
where T1 2[ ]z z z , z1 and z2 are performance and 
control weighting outputs respectively;  w r .
The PZT actuators are very precise, but they 
are typically not highly linear due to the nonlinear 
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factors such as hysteresis, creep and temperature 
effects, and in low frequencies the open loop error 
can be 10%-15%. So the output of the PZT actuator 
has some uncertainty (wu), as shown in Fig.8, and 
6
6
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sW
s
        (8) 
where '  is the complex perturbation. 
Fig.8  Output uncertainty of PZT actuator. 
3.2 Controller design  
The fǾ  synthesis is an issue of mixed sensi-
tivity fǾ  suboptimal control based on DGKF 
method[23], and P synthesis is based on D-K itera-
tion[22, 24-26]. The following criterion is used for fǾ
synthesis
1
2
( ) ( )
( ) ( )
J
f

Ǿ
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w s T s
           (9) 
where S(s) and T(s) are the sensitivity function and 
complementary sensitivity function respectively. 
For a stabilizing controller K and a diagonal 
constant scaling matrix D(jZ), the D-K iterative P
synthesis method is based on solving the following 
optimization problem. 
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where P is the open loop interconnected transfer 
function matrix of the system. 
The D-K iteration procedure can be formulated 
as follows 
Step 1  Start with an initial guess for D(jZ),
usually set D(jZ)=I.
Step 2  Fix D(jZ) and solve the fǾ  sub-op-
timal Ki(jZ)
l( j )
( j ) arg min ( , ( j ))i ǾZ
Z Z
f
 
K
K F P K
N
    (11) 
Step 3  Fix Ki(jZ) and solve the convex opti-
mal problem for Di(jZ) at each frequency over a 
selected frequency range. 
 1l( j )( j ) arg min ( ( j ) ( , ( j )) ( j ))i ZZ V Z Z Z DD D F P K D'
(12)
Step 4  Curve fit Di(jZ) to achieve a stable, 
minimum phase Di(jZ), and compare Di–1(jZ) and
Di(jZ), if they are closed in magnitude then stop the 
iteration, otherwise go to Step 2 until the tolerance 
is met. 
The achieved H norm J is found to be 0.993 2, 
and a 10th order controller is obtained. Corre-
spondingly, the structured singular value P is found 
to be 0.993 0, and a 12th order controller is obtained, 
and the Bode magnitudes of the two controllers are 
shown in the Fig.9. During the control synthesis, the 
weighting functions W1 and W2 are adjusted repeat-
edly and a few trials are needed. The final results 
are shown as Eq.(6). 
Fig.9  Bode magnitudes of the controllers. 
The closed loop structure without performance 
weighting functions is shown in Fig.10. 
Fig.10  Closed-loop system structure for frequency re-
sponses.
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The singular value curves for closed loops are 
shown in Fig.11, from which it can be seen that 
fǾ  and P controllers have isolated high frequency 
disturbance and noise, in the neighborhood of reso-
nance frequencies. The disturbance and noise iso-
lated by fǾ  controller is more than 27 dB, and 21 
dB by P controller. Fig.12 shows that the low fre-
quency pointing signals are fully transferred with 
attenuation less than 0.2 dB. The nominal perform-
ance for fǾ  synthesis controller is better than that 
of P synthesis controller at resonance frequencies, 
but worse at high frequencies. 
Fig.11  Comparison of open loop and closed loop. 
Fig.12  Bode diagrams from r to y.
3.3 Robust stability analysis 
Robust stability is very important due to vari-
ous uncertainties[22] and this section will give the 
robust stability margins of the uncertain closed loop. 
By calculating, the robust stability margin for fǾ
closed loop is 1.56, the destabilizing frequency is 
625.9 rad/s, and the corresponding values for P
closed loop are 6.29 rad/s and 346.0 rad/s. Their 
stability robustness margins are all greater than 1, it 
means that the uncertain system is stable for all the 
values of its modeled uncertainty. On the other hand 
the parametric uncertainty is considered with mod-
eling uncertainty in order to test the robust stability 
and robust performance further (a change of 30% in 
stiffness and a change of 80% in damping). Fig.13 
and Fig.14 show the singular value curves for fǾ
and P closed loops, it can be seen that the robust 
stability and robust performance for fǾ  closed 
loop is worse than that of P closed loop in the pres-
ence of large uncertainty. 
Fig.13  Singular value plot for fǾ  closed loop. 
Fig.14  Singular value plot for P closed loop. 
3.4 Controller reduction 
As shown in Section 3.2, the order of fǾ  con-
troller is 10, and that of P controller is 12. Square 
root balanced model truncation[27-29] is used to re-
duce the order of controllers. Fig.15 shows the Bode 
diagrams for 6th order fǾ  controller, 8th order P
controller and their original controllers. 
The stability robustness margin is 1.56 for re-
duced fǾ  closed loop, and 6.30 forP closed loop, 
so the reduced controllers are robustly stable. 
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Fig.15  Bode diagrams for full and reduced controllers. 
4 Simulation 
The frequency responses of the open and 
closed loop systems are given in Sections 3.2-3.3, 
this section will give the corresponding transient 
responses for reduced order P controller and a PI 
controller shown in Eq.(13). The nominal closed 
loop system structure for time domain responses is 
shown in Fig.16. 
Fig.16  Nominal closed-loop system structure. 
The input signal r may consist of three parts: 
tracking signal r0, harmonic disturbance dist, and 
stochastic disturbance which is Gaussian white 
noise with the mean of zero and the standard devia-
tion of 0.6. 
PI
20 32 K
s
              (13) 
0 10sin r t                (14) 
dist 0.1sin(33 2ʌ) u            (15) 
Figs.17-18 present the transient responses to a 
harmonic disturbance input, and from these figures 
it can be seen that the P controller or PI controller 
can effectively isolate the harmonic disturbance 
more than 25.2 dB (94.5%) at 33 Hz. 
Fig.17  Open loop and P closed loop responses to harmonic 
disturbance with a frequency of 33 Hz. 
Fig.18  Open loop and PI closed loop responses to har-
monic disturbance with a frequency of 33 Hz. 
For comparison, Fig.19 shows the open re-
sponse to stochastic disturbance which is normally 
distributed Gaussian white noise with the mean of 
zero and standard deviation of 0.6. Simultaneously, 
the sensor noise is also involved, which is 2% of the 
stochastic disturbance. Figs.20-21 show the corre-
sponding P and PI closed loop responses to the sto-
chastic disturbance and sensor noise. From Figs.19- 
21, it can be seen that the standard deviations are 
attenuated to 11 dB (70%) by the P controller, but 
the stochastic disturbance is magnified to 132% by 
the PI controller. 
Fig.19  Open loop response to stochastic disturbance. 
Fig.20 P closed loop response to stochastic disturbance. 
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Fig.21  PI closed loop response to stochastic disturbance. 
When the input r is a harmonic tracking force 
r0, the magnitude of PI and P are shown in Fig.22, 
from which it can be seen that the magnitude of PI 
is much lager than that of P, and the PI may destroy 
r0. Additionally, the PZT actuators are easily satu-
rated by the large gain. 
Fig.22  Magnitude of PI and P when r is r0.
In order to demonstrate the achievement of the 
two targets of P, another input signal is selected 
which is made up of tracking signal r0, harmonic 
disturbance dist, stochastic disturbance and sensor 
noise. The open loop response is shown in Fig.23(a), 
it can be seen that the tracking signal is destroyed 
by the relatively small disturbance (5% of tracking 
signal). But the P closed loop response, as shown in 
Fig.23(b), can give very good result. 
Fig. 23  Open and P closed loop responses to tracking sig-
nal with harmonic and stochastic disturbances. 
5 Conclusions 
The multi objective robust fǾ  and P synthesis 
for active vibration control of the flexure struts of 
Stewart platform is presented, and coupling analysis 
between 6 struts is provided. Then, a dynamics 
model is derived with the rigid mode removed from 
the active vibration control. Considering the noise 
of sensors and the coupling of the other 5 struts, the 
corresponding robust fǾ  and P synthesis control-
lers are given. The robust stability margin for fǾ
controller is 156%, less than 629% for that of the P
controller, but its vibration isolation performance 
during resonance is better than P controller, and its 
order is lower too. The reduced controllers, by 
square root balanced model truncation, the robust 
stability can compare with the original controllers. 
The time response of the P controller indicates that 
the harmonic disturbance with a frequency of 33 Hz 
is isolated for 25.2 dB (94.5%), the stochastic dis-
turbance with mean of zero and standard deviation 
of 0.6 is isolated for 11 dB (70%), a tracking com-
mand is well kept with its attenuation being less 
than 0.2 dB, while harmonic and stochastic distur-
bances are rejected. Additionally, a PI controller is 
taken to be compared with the fǾ  and P controllers. 
The simulation results indicate that two targets are 
achieved simultaneously by P controller.  
Acknowledgments 
The authors would like to thank Li Zhengxue 
for his valuable advice. 
Liu Lei et al. / Chinese Journal of Aeronautics 21(2008) 125-133 · 133 · 
References 
[1] Chen H, Hospodar E, Agrawal B. Development of a hexapod 
laser-based metrology system for finer optical beam pointing con-
trol. AIAA-2004-3146, 2004. 
[2] McMickell M B, Kreider T, Hanson E, et al. Optical payload 
isolation using theminiature vibration isolation system (MVIS-II). 
Proceedings of SPIE Conference Industrial and Commercial Ap-
plications of Smart Structures Technologies. 2007. 
[3] Chen H J. Payload pointing and active vibration isolation using 
hexapod platforms. AIAA-2003-1643, 2003. 
[4] Hindle T, Davis T, Fischer J. Isolation, pointing, and suppression 
(IPS) system for high performance spacecraft. Proceedings of 
SPIE Conference on Industrial and Commercial Applications of 
Smart Structures Technologies. 2007. 
[5] Ford V, Levin-West M, Kistil A, et al. Terrestrial planet finder 
coronagraph observatory summary. Proceedings of International 
Astronomical Union. 2005. 
[6] Winthrop M, Cobb R. Survey of state of the art vibration isolation 
research and technology for space applications. Proceedings of 
SPIE on 2003 Smart Structures and Materials. 2003; 5052:13-26. 
[7] Geng Z, Haynes S. Six degree-of-freedom active vibration control 
using the Stewart platforms. IEEE Transaction on Control Systems 
Technology 1994; 2(1): 45-53. 
[8] Anderson E H, Fumo J P, Ervin R S. Satellite ultra-quiet isolation 
technology experiment (SUITE). Proceedings of IEEE Aerospace 
Conference. 2000; 4: 219-313. 
[9] McInroy J E. Properties of orthogonal Stewart platforms. Pro-
ceedings of SPIE conference on Smart Structures and Integrated 
Systems. 2003; 591-602. 
[10] Spanos J. A soft 6-axis active vibration isolator. Proceedings of 
American Control Conference. 1995; 412-416. 
[11] Thayer D. Multi sensor control for 6-axis active vibration. PhD 
thesis, University of Washington, 1998. 
[12] Cobb R. Vibration isolation and suppression system for precision 
payloads in space. Smart Materials and Structures 1999; 8(6): 
798-812. 
[13] Joshi A. System identification and multivariable control design for 
a satellite ultra-quiet isolation technology experiment (SUITE). 
MS thesis, Texas A&M University, 2002. 
[14] Hauge S, Campbell E. Sensors and control of a space-based six- 
axis vibration isolation system. Journal of Sound and Vibration 
2004; 269(4): 913-931. 
[15] Thayer D, Campbell C. Six-axis vibration isolation system using 
soft actuators and multiple sensors. Journal of Spacecraft and 
Rockets 2002; 39(2): 206-212. 
[16] Hanieh A. Active isolation and damping of vibration via Stewart 
platform. PhD thesis, Free University of Brussels, 2003. 
[17] Chen Y X, McInroy E. Decoupled control of flexure jointed 
hexapod using estimated joint space mass inertia matrix. IEEE 
Transaction on Control Systems Technology 2004; 12(3): 413- 
421. 
[18] Preumont A, Francois A. Force feedback versus acceleration 
feedback in active vibration isolation. Journal of Sound and Vi-
bration 2002; 257(4): 605-613. 
[19] McInroy E. Modeling and design of flexure jointed Stewart plat-
forms for control purposes. IEEE Transaction on Mechatronics 
2002; 7(1): 95-99. 
[20] Joshi A, Kim W. Modeling and multivariable control design 
methodologies for hexapod-based satellite vibration isolation. 
Journal of Dynamic Systems, Measurement, and Control 2005; 
127(4): 700-704. 
[21] Gawronski K. Advanced structural dynamics and active control of 
structures. New York: Springer, 2004. 
[22] Skogestad S, Postlethwaite I. Multivariable feedback control: 
design and analysis. 2nd ed. Chichester: John Wiley & Sons Ltd, 
2005. 
[23] Doyle J, Glover K, Khargonekar P, et al. State-space solutions to 
standard H2 and H control problems. IEEE Transactions on 
Automatic Control 1989; 34(8): 831-847. 
[24] Zhou K M, Doyle J. Essentials of robust control. Upper Saddle 
River: Prentice Hall, 1998. 
[25] Doyle J. Analysis of feedback systems with structured uncertain-
ties. Proceedings of IEEE. 1982; 129D: 242-250. 
[26]  Yong P M. Robustness with parametric and dynamic uncertainty. 
PhD thesis, California Institute of Technology, 1993. 
[27] Enns D. Model reduction for control system design. PhD thesis, 
Stanford University, 1984. 
[28]  Obinata G, Anderson B. Model reduction for control system de-
sign. New York: Springer-Verlag, 2001. 
[29] Gu D W, Petkov P H, Konstantinov M M. Robust control design 
with MATLAB. New York: Springer-Verlag, 2005. 
Biography:
Liu Lei  Born in 1981, he is a Ph.D. candidate. His research 
interests involve active vibration isolation and robust control. 
E-mail: leiliu@hit.edu.cn 
